ABSTRACT Previous attempts to model steady state Munch pressure flow in phloem (Christy and Ferrier. [19731. Plant Physiol. 52: 531-538; and Ferrier et al. [19741. Plant Physiol. 54: 589-600) lack sufficient equations, and results were produced which do not represent correct mathematical solutions. Additional equations for the present closed form model were derived by assuming that unloading of a given solute is dependent upon the concentration of that solute in the sieve tube elements. Examples As no unique steady state mathematical solution could be found, the above models were used to approximate steady state sieve tube transport by a judicious choice of initial concentrations and convergence criteria, in a quasi-time-dependent iteration procedure. It is unlikely that such inconsistencies occur in real phloem, and thus, another equation must exist which would provide a unique, closed form solution at a given loading rate.
Recent attempts to develop closed form mathematical models of the Munch (11, 12) pressure flow hypothesis of phloem translocation (modified to include osmotic fluxes of water along the path region) have met with problems heretofore unresolved. From the equations of Horwitz (8) , it can be seen that one must calculate the profiles of at least four dependent variables along the sieve tube, namely, concentration of solutes (C), pressure (P), water flux through peripheral membranes (Jw), and the axial velocity of phloem sap (v or J,). The relationships of these variables to the sieve tube as a whole and to individual sieve tube elements are illustrated in Figures 1 and 2 , respectively. The irreversible thermodynamic models of Christy and Ferrier (2) and of Tyree et al. (18) do not provide unique, closed form solutions because each has at least one more variable than independent equations. A mathematical inconsistency of this type can be expected to produce aberrant behavior in the predictions of the model. As stated by Tyree et al. (18): ". . . we are forced to conclude that several steady state solutions are possible which will give the same specific mass transfer rate for sucrose depending on the choice of C at s = 0. This point may have been overlooked by Christy and Ferrier (1) (our ref. 2 ) but it is difficult to tell because they made no definitive statement about it. The exact solution of the profiles of C, P, v, and J,,* under any given loading and unloading conditions depends on the previous history of the system; i.e. it depends I This project was supported primarily by from the National Science Foundation. 2 Joint appointment with Department of Plant Sciences, Texas Agricultural Experiment Station, College Station, Texas 77843. upon how the steady state transport is approached. The previous history of the system out of steady state is in some way specified by the choice of C(0). This point can be proved by examining equation 2; J does not depend on C, but as C drops, v increases to keep J constant (see equation 12) (our ref. 18 )."
As no unique steady state mathematical solution could be found, the above models were used to approximate steady state sieve tube transport by a judicious choice of initial concentrations and convergence criteria, in a quasi-time-dependent iteration procedure. It is unlikely that such inconsistencies occur in real phloem, and thus, another equation must exist which would provide a unique, closed form solution at a given loading rate.
The above problem did not arise in the mechanical analogue model of Eschrich et al. (4) . In this system, a given, initial amount of sugar was placed within an open or closed tubular, semipermeable membrane. In the absence of continuous loading and/or unloading of solute, their mathematical model correctly predicted the velocity of the solute front, the lack of equilibrium in the open tube, and the equilibrium condition when the front reached the end of the closed tube. Therefore, the necessary additional equations for a closed form mathematical model of steady state phloem translocation may lie with the assumptions regarding the loading and/or unloading of solutes. These considerations can best be illustrated by examining the existing equations as they apply to all of the individual elements of a sieve tube.
REVIEW OF GENERAL THEORY
The standard water potential terminology (9, 15, 16) (8, 18) .
Water must be conserved in each element, thus, in the initial where Ci is the concentration of solute, V8 is the partial molar volume of the solute in solution, A,, is the cross-sectional area of the element lumen, and AM is the area of peripheral membrane.
Likewise, sugar must be conserved in the initial element Table 1 (Q.), = adA,.AC1
(9) Such a diffusive mechanism implies that the reflection coefficient of the membranes is less than one. Although we may eventually deal with this implication, it is useful for the present to propose a more general unloading mechanism defined only as being linearly dependent upon the concentration of solute within a sieve element, i.e.
(Q.),= a.C1 (10) where a., is an unloading constant, and by convention, has a negative value. Concentration-dependent unloading has also been discussed previously by Tyree (17) , and a formulation similar to equation 10 was suggested by MacRobbie (10) respectively, to the true value of C1 ± the convergence criteria *03 (Fig. 3, A and B) . The profile of unloading can be forced into a more rectangular or uniform distribution (Fig. 4A) loading constant can be seen in Figure 4B and C. As the absolute value of the unloading constant is decreased, the average solute 0 02300 00900 concentration is increased as is the average pressure (not Number of Sections shown). At first glance, this might seem inconsistent with the lower velocities (Fig. 4C) Figure 3B , the enzymic unloading mechanism allows the model to converge at several values of Vmax, but over a much narrower range than that of the linear unloader.
Other Modifications of the Model. We have presented only those results which are necessary to demonstrate that the model is indeed closed form, and would apparently be so with any concentration-dependent unloading mechanism. We have determined that with little change in the existing mathematics or computer codes, it will be possible to incorporate other concepts such as loading mechanisms which are controlled by the concentration of solutes outside the sieve tube, feedback or backleakage terms in both the loading and unloading zones, concentration-dependent viscosity, and others. (These results are being incorporated in papers being prepared for publication.) These and other modifications will make it possible to link the phloem model with models of sources (leaves) and sinks (roots, seeds, meristems).
DISCUSSION
The present model, to a great extent, incorporates the same rationale and equations as those of previous workers (2, 4, 8, 18) . By adding an independent equation for concentration-dependent unloading, we have defined a minimal set of equations necessary for a mathematically consistent expression of the Munch hypothesis as it might operate in plants. The model correctly treats the sieve tube as having closed initial and terminal ends. It also has the ability to predict possible patterns of unloading.
All of the current models (2, 5, 18) , including the present one, 58, 1976 
